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BRAID GROUPS ON TRIANGULATED SURFACES AND
SINGULAR HOMOLOGY
KARTHIK YEGNESH
Abstract. Let Σg denote the closed orientable surface of genus g and fix an
arbitrary simplicial triangulation of Σg . We construct and study a natural sur-
jective group homomorphism from the surface braid group on n strands on Σg to
the first singular homology group of Σg with integral coefficients. In particular,
we show that the kernel of this homomorphism is generated by canonical braids
which arise from the triangulation of Σg . This provides a simple description of
natural subgroups of surface braid groups which are closely tied to the homology
groups of the surfaces Σg .
1. Introduction and Background
The classical braid groups Bn on the plane were introduced by Artin [1]. Geomet-
rically, elements of such braid groups appear as a collection of n paths emanating
from a set of n distinct points on the plane which wind around each other and return
to some permutation of the original set of points. Braid groups play an important
role in various areas of mathematics, including the knot theory, representation the-
ory, and the study of monodromy invariants in algebraic geometry. It is a well-known
result of Artin [1] that the group Bn has the presentation
(1) Bn ' 〈σ1, σ2, . . . , σn−1|σiσi+1σi = σi+1σiσi+1, σiσj = σjσi〉
where 1 ≤ i ≤ n − 2 in the first group of relations and |i − j| ≥ 2 in the second
group of relations. The generators σi correspond to “transposition” braids which
swap adjacent points.
Zariski [4] later provided a natural generalization of these notions by considering
braid groups on more general surfaces. Let us restrict our attention to Σg, the closed
orientable surface of genus g. Let Σng denote the n-fold cartesian product of Σg with
itself and let Fn(Σg) denote the nth ordered configuration space of Σg, i.e the space
Fn(Σg) = {(x1, . . . , xn) ∈ Σng |xi 6= xj ,∀i 6= j}.
Note that the symmetric group Sn acts freely on Fn(Σg) by permuting coordinates.
We define the nth configuration space Cn(Σg) of Σg as the orbit space Cn(Σg) =
Fn(Σg)/Sn. Note that Cn(Σg) is a 2-manifold since Fn(Σg) ⊂ Σng is an open subset
and the permutation action of Sn on Fn(Σg) is free. We define the nth braid group
Bn(Σg) of Σg as the fundamental group
Bn(Σg) = pi1(Cn(Σg), [x1, . . . , xn])
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where [x1, . . . , xn] ∈ Cn(Σg) is a set of unordered points in Fn(Σg). Since we
are working with connected surfaces, we usually leave the basepoint implicit in our
notation.
Example 1.1. The classical braid group Bn is the fundamental group of the n-fold
configuration space Cn(R2) of the plane. In fact, Cn(R2) is an Eilenberg-Maclane
space K(Bn, 1).
Remark 1.2. If n = 1, then Fn(Σg) = Σg, so Bn(Σg) = pi1(Σg). Thus, braid groups
on surfaces can be viewed as generalizations of their fundamental groups.
Every element [σ] ∈ Bn(Σg) induces a permutation of the elements of its basepoint.
Thus, we obtain a surjective group homomorphism f : Bn(Σg)→ Sn (which implies
that Bn(Σg) is nonabelian for n ≥ 3). The subgroup ker(f) ⊂ Bn(Σg) is called the
pure braid group on Σg and is denoted Pn(Σg). By definition, Pn(Σg) is a normal
subgroup of index n!. Note also that Pn(Σg) ' pi1Fn(Σg). These groups fit into a
canonical short exact sequence
1 −→ Pn(Σg) −→ Bn(Σg) −→ Sn −→ 1.
Let pi : Fn(Σg)→ Σg denote the projection onto the ith coordinate for 1 ≤ i ≤ n.
Then we have induced maps
pi∗ : Pn(Σg, (x1, . . . , xn)) −→ pi1(Σg, xi)
for each 1 ≤ i ≤ n. The vertex loop of xi induced by [σ] ∈ Pn(Σg) is pi∗([σ]). We
denote this by [σ]xi .
We study interactions between surface braid groups Bn(Σg) and the singular ho-
mology groups of Σg. In particular, we study a natural group homomorphism
ω : Bn(Σg) −→ H1(Σg;Z)
which maps a braid on Σg to the integral homology class of the formal sum of
the individual paths (viewed as singular 1-simplices) it induces on each element of
the basepoint. We show that ker(ω) is generated by simple braids which arise from
triangulations of Σg. Generally, Bn(Σg) is a complicated object for arbitrary g,
while the homology groups H1(Σg;Z) ' Z2g are well-understood. Thus, our results
describe a useful and well-behaved relationship between braid groups on surfaces and
homology groups.
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3. Preliminary Constructions
3.1. Construction of the Homomorphism ω. LetBn(Σg)1 be based at [x1, . . . xn] ∈
Cn(Σg). We fix this basepoint throughout the paper. Let [φ] ∈ Bn(Σg) be a braid
and let pi : Fn(Σg) → Cn(Σg) denote the quotient map. Let (x1, . . . , xn) be an ele-
ment in the fiber of [x1, . . . , xn] under pi. The map pi is an Sn-cover, so we can lift φ
to a unique path φ˜ : [0, 1]→ Fn(Σg) with φ˜(0) = (x1, . . . , xn).
Proposition 3.1. Let [φ] ∈ Bn(Σg). Then
∑n
i=1(pi ◦ φ˜) ∈ ker(∂1), where ∂1 denotes
the boundary operator.
Proof. We have that
(2) ∂1(
n∑
i=1
(pi ◦ φ˜)) =
n∑
i=1
∂1(pi ◦ φ˜)
(3) =
n∑
i=1
(pi ◦ φ˜)|{1} −
n∑
i=1
(pi ◦ φ˜)|{0}
By definition of Cn(Σg), the n-tuple (p1◦φ˜|{1}, . . . , pn◦φ˜|{1}) is a permutation of (p1◦
φ˜|{0}, . . . , pn ◦ φ˜|{0}), so
∑n
i=1(pi ◦ φ˜)|{1} =
∑n
i=1(pi ◦ φ˜)|{0} and thus ∂1(
∑n
i=1(pi ◦ φ˜))
vanishes. 
Thus,
∑n
i=1(pi ◦ φ˜) is a singular 1-cycle and hence yields a homology class, so that
we can define a function ω : Bn(Σg)→ H1(Σg;Z) sending [φ] 7→ [
∑n
i=1(pi ◦ φ˜)].
Proposition 3.2. The function ω is a well-defined group homomorphism.
Proof. That ω is a group homomorphism follows from a straightforward computation,
so we’ll just show that it is well-defined. This is a consequence of the fact that pi is a
covering map. Explicitly, suppose that φ1, φ2 : [0, 1] → Cn(Σg) are homotopic loops
via h : [0, 1]× [0, 1]→ Cn(Σg) rel {0, 1}. Fix unique lifts φ˜1, φ˜2 : [0, 1]→ Fn(Σg) with
φ˜1(0) = φ˜2(0) = (x1, . . . , xn). We need to show that
∑n
i=1(pi ◦ φ˜1−pi ◦ φ˜2) ∈ im(∂2).
By the Homotopy Lifting Property, we can lift h to a homotopy h˜ : [0, 1] × [0, 1] →
Fn(Σg) rel {0, 1} between φ˜1 and φ˜2. It follows that pi ◦ φ˜1 and pi ◦ φ˜2 are homotopic,
so that pi ◦ φ˜1 − pi ◦ φ˜2 ∈ im(∂2), whence the result. 
We call ω the total winding number map and refer to elements [σ] ∈ ker(ω) as
balanced braids (See Figure 3.1). Elements in Pn(Σg)∩ ker(ω) are referred to as pure
balanced braids. So, balanced braids are those braids whose individual strands “wind”
around with orientations that cancel.
Let j ∈ {1, . . . , n} and let Bj(Σg) be based at [x1, . . . , xj ] ∈ Cn(Σg). For each
such j, there is a natural group homomorphism
Bj(Σg) −→ Bn(Σg)
given by “adding constant strands” to the points xj+1, . . . , xn. In particular, for
j = 1, we obtain a homomorphism
υ : pi1(Σg) −→ Bn(Σg)
1ω can be constructed in the same way for braid groups on general topological spaces.
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Figure 1. Balanced Braid on a Triangulation of the Torus Σ1
(Viewed on its fundamental polygon)
which fits into a commutative triangle of groups
Bn(Σg) ω // H1(Σg;Z)
pi1(Σg)
υ
OO
Φ
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where Φ denotes the Hurewicz homomorphism. Since Φ is surjective, we immediately
see that ω is surjective as well.
3.2. Braids from Triangulations. Let K be a finite simplicial complex with geo-
metric realization |K| and let θ : |K| '−→ Σg be an arbitrary triangulation of Σg. We
fix this triangulation throughout the paper. We will identify |K| with its image in
Σg under θ, so that in particular, a “vertex” in the triangulation of Σg refers to a 0-
simplex of K. Let the basepoint of Bn(Σg) be the vertex set K0 of our triangulation.
Fix some directed edge e = (v0, v1) in the triangulation of Σg which is a 1-face of two
2-simplices, say (v0, v1, v2) and (v0, v1, v3). We can obtain a braid by rotating v0 and
v1 clockwise around e until v0 and v1 have swapped positions whilst remaining in the
interior of (v0, v1, v2)∪ (v0, v1, v3) (see Figure 3.2). All the strands starting at points
in K0 − {v0, v1} remain constant. Braids constructed in this fashion are called edge
braids. Every edge e = (v0, v1) in Σg yields two mutually inverse edge braids, which
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Figure 2. Edge Braid on a Local Piece of a Triangulation
we denote by be (the “clockwise” edge braid) and b−1e (the “counter-clockwise” edge
braid). Let Eθn(Σg) denote the subgroup of Bn(Σg) generated by the edge braids
corresponding to the triangulation θ. If the context is clear, we will write En(Σg)
instead of Eθn(Σg). We refer to elements of En(Σg) as quasi-edge braids. Note that
each edge braid vanishes under ω, so that there is an inclusion En(Σg) ⊂ ker(ω).
An edge path of length k in K is a concatenation of directed edges λ = e1∗e2∗. . .∗ek
in the triangulation of Σg such that the target of ei is the source of ei+1 for 1 ≤ i ≤
k − 1. λ is called an edge loop if the target of ek is the source of e1. We will abuse
terminology by referring to edge paths in K as edge paths in Σg. An edge path/loop
is simple if it is non-self intersecting. A “vertex” in λ refers to a vertex of one of the
edges contained in λ.
Recall that for any v ∈ K there are isomorphisms E(K, v) ' pi1(|K|, v) ' pi1(Σg, v),
where E(K, v) denotes the edge path group of K. Thus, we can naturally consider
(edge-equivalence classes of) edge loops in the triangulation of Σg based at v as (ho-
motopy classes of) loops also based at v.
4. Main Results
Our main result is Theorem 4.1, which, given any triangulation of Σg, gives a
characterization of ker(ω) using edge braids.
Theorem 4.1. Let Σg be equipped with an arbitrary simplicial triangulation |K| '−→
Σg and let n = #K0. Let the surface braid group Bn(Σg) have basepoint K0. Then
the kernel of the total winding number map ω : Bn(Σg) → H1(Σg;Z) is precisely
En(Σg).
Since ω is surjective, Theorem 4.1 implies that any triangulation of Σg induces a
short exact sequence of groups
1 −→ En(Σg) −→ Bn(Σg) −→ H1(Σg;Z) −→ 0.
Corollary 4.2. En(Σg) contains the commutator subgroup [Bn(Σg), Bn(Σg)].
Proof. Theorem 4.1 supplies an isomorphism of groups H1(Σg;Z) ' Bn(Σg)/En(Σg).
Since H1(Σg;Z) is abelian, we have that [Bn(Σg), Bn(Σg)] ⊂ En(Σg). 
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Remark 4.3. By Heawood’s bounds [3], the number of vertices n of the simplicial
complex K used in any triangulation of Σg for g 6= 2 must satisfy
(4) n ≥ 7 +
√
49− 24χ(Σg)
2 =
7 +
√
1 + 48g
2
where χ(Σg) = 2− 2g denotes the Euler characteristic of Σg. In particular, Theorem
4.1 may apply for n sufficiently large relative to the genus g.
The remainder of this paper is dedicated to proving Theorem 4.1. The genus g = 0
case is well-known; we provide a proof for completeness.
4.1. Proof of Theorem 4.1 for g = 0. Since H1(Σ0;Z) ' 0, the genus 0 case
is the statement that Bn(Σ0) = En(Σ0) given any triangulation of Σ0, where n is
the number of vertices in the triangulation. Recall that Bn(Σ0) is generated by the
“transposition” braids σi for 1 ≤ i ≤ n − 1 analogous to the generators of Artin’s
braid group Bn. Thus, it suffices to show that each σi is a quasi-edge braid. Let xi
and xi+1 be the elements of the basepoint of Bn(Σ0) that σi swaps. Fix a simple
edge path δ = ei1 ∗ . . . ∗ ein from xi to xi+1. Then the quasi-edge braid
(5) qδ = bei1 bei2 . . . bein b
−1
ein−1
b−1ein−2 . . . b
−1
ei1
is equal to σi (it swaps xi and xi+1 while leaving all other elements of the basepoint
fixed), so we’re done.
For any edge path p in the triangulation of Σg, qp denotes the quasi-edge braid
constructed in manner of Equation (5).
Example 4.4. The most basic example of of the genus 0 case of Theorem 4.1 is
when the triangulation is the canonical homeomorphism ∂(∆3) ' Σ0, where ∂(∆3)
denotes the boundary of the standard 3-simplex. By the assumptions of the theorem,
the elements of the basepoint of B4(Σ0) are the four endpoints of ∆3, all of which
are pairwise adjacent. Hence, each generator of B4(Σ0) is actually an edge braid.
4.2. Reduction of Theorem 4.1 to Pure Balanced Braids on Σg. We start
with the following observation.
Proposition 4.5. The restriction f |En(Σg) : En(Σg)→ Sn is surjective.
Proof. It suffices to show each transposition s in Sn is hit by f |En(Σg). Let (x1, . . . , xn)
be the basepoint of Bn(Σg). The proof is the same as in the g = 0 case. Explicitly,
let s swap i and j, where we assume without loss of generality that 1 ≤ i < j ≤ n.
Fix a simple edge path λ from xi to xj . Then f(qλ) = s, so we’re done. 
Let l : Sn −→ Z≥0 denote the length function of Sn relative to the generating
transpositions si ∈ Sn of the usual Coxeter presentation. l(γ) is defined to be the
minimum number of transpositions required to express the permutation γ ∈ Sn. The
following fact now is an easy consequence of Proposition 4.5.
Proposition 4.6. Every element in Bn(Σg) can be written as a product of pure
braids and edge braids.
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Proof. Define a function
l? : Bn(Σg) −→ Z≥0
[σ] 7→ l(f([σ])).
This is clearly well-defined. We induct on l?([σ]). The base case l?([σ]) = 0 is clear
since [σ] must be a pure braid. Suppose the result holds for all [σ] with l?([σ]) = k.
To complete the inductive step, it suffices to show that any braid [σ] of length k + 1
can be multiplied by some quasi-edge braid such that the resulting braid has length
k. Write f([σ]) = si1si2 . . . sik+1 for transpositions sij ∈ Sn, 1 ≤ j ≤ k + 1. By
Proposition 4.5, we may choose some quasi-edge braid [µ] such that f([µ]) = s−1ik+1 .
Thus, l?([σµ]) = k, which completes the proof. 
By Proposition 4.6, it is sufficient to show that the subgroup ker(ω|Pn(Σg)) =
Pn(Σg) ∩ ker(ω) of ker(ω) is generated by edge braids in order to deduce Theorem
4.1. This is a useful reduction since we may think of pure braids as collections of
homotopy classes of loops on Σg.
4.3. Some Properties of En(Σg). We prove some results concerning which braids
on Σg are quasi-edge braids and describe some relations that the edge braids satisfy.
4.3.1. Conjugation action of En(Σg). We briefly describe a property of the conju-
gation action of certain quasi-edge braids which is relevant to the proof of Lemma
4.8. In particular, conjugation by certain quasi-edge braids has a useful property
when the pure braid being conjugated has exactly one non-trivial vertex loop. Let
ϕ : Bn(Σg) → AutPn(Σg) denote the conjugation homomorphism and let [γ] ∈
Pn(Σg) be a pure braid with exactly one non-trivial vertex loop, say [γ]xi for some
i ∈ {1, . . . , n}.
Let xj be a vertex adjacent to xi in the triangulation of Σg and let e be an edge
connecting them. By a direct computation, we see that the braid be[γ]b−1e still has
exactly one non-trivial vertex loop, except that it is located at xj instead of xi, so
that conjugating by be “moves” the loop at xi to xj . Suppose that xi and xj are
vertices in the triangulation that are not necessarily adjacent. Fix a simple edge path
η from xi to xj . Extrapolating from the above case, we see that [γ] conjugated by
the quasi-edge braid qη (constructed in the fashion of Equation (5) of Section 4.1)
has exactly one non-trivial vertex loop located at xj .
For any braid [α] ∈ Bn(Σg), let C[α] denote the subset of the basepoint {x1, . . . , xn}
consisting of the points whose induced vertex loops are trivial. Since [γ] has only one
non-trivial vertex loop, it can naturally be regarded as element of pi1(Σg − C[γ], xi).
We will not make a distinction between such braids and elements of pi1(Σg −C[γ], xi)
for the rest of the paper. Similarly, qη[γ]q−1η can be seen as an element of pi1(Σg −
Cqη [γ]q−1η , xj). The above discussion can be re-phrased via the following proposition.
Proposition 4.7. Let xi and xj vertices in the triangulation of Σg and let λ be
a simple edge path from xi to xj. Then the conjugation map ϕ(qλ) ∈ AutBn(Σg)
restricts to an isomorphism
pi1(Σg − C[γ], xi) '−→ pi1(Σg − Cqλ[γ]q−1λ , xj)
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4.3.2. Quasi-Edge Braid Constructions and Relations.
Lemma 4.8. Let Λ = e1 ∗ . . . ∗ ek be a simple edge loop in Σg and fix two vertices
vi, vj contained in Λ. Then there exists a quasi-edge braid w(vi, vj) such that the
vertex loop wvi is homotopic to Λ and w−1vj is homotopic to Λ.
Proof. For ease of notation, the indices of the vertices and edges in Θ will be taken
modulo k (i.e vk = v0). Let ei = (vi, vi+1) and let Ω denote the quasi-edge braid
(6) Ω = beibei+1 . . . bei−2bei−1 .
It is clear that Ωvi is homotopic to Λ. Then Ω̂ = Ωbei−1bei−2 . . . bei+2bei+1 is such that
Ω̂−1vi+1 is also homotopic to Λ. Furthermore, the only non-trivial vertex loops of Ω̂ are
located at vi and vi+1. Let µ be the unique edge path from vi+1 to vj that does not
contain vi and is a subset of Λ. Then w(vi, vj) = qµΩ̂q−1µ gives the desired braid via
the discussion in Section 4.3.1.

Lemma 4.9. Let λ = e1 ∗ . . . ∗ ek be a simple edge path from v1 to vk+1, where
ei = (vi, vi+1) for 1 ≤ i ≤ k. Then there exists a quasi-edge braid such that the
induced vertex loop at v1 has a winding number of one about vk+1 and zero around
any other element in the basepoint of Bn(Σg) (which are precisely the other vertices
in the triangulation).
Proof. The quasi-edge braid
(7) wλ = be1be2 . . . bek−1b−2ek bek−1 . . . be2be1
gives the desired braid. The fact that wλ has trivial winding number around any
other vertex follows from the definition of edge braids. 
Remark 4.10. Note that wλ can be viewed as a non-identity element of pi1(Σg −
vk+1, v1). It is constructed so that set {wλ} ∪ S generates pi1(Σg − vk+1, v1), where
S is the set of generators of pi1(Σg, v1) (viewed on the punctured surface Σg − vk+1).
The quasi-edge braids built in Lemmata 4.8 and 4.9 are used in Proposition 4.19.
Lemma 4.11. Let α = (v0, v1, v2) and α′ = (v0, v2, v3) be two 2-simplices in the
triangulation such that α ∩ α′ = (v0, v2). Let ei = (vi, vi+1) for 0 ≤ i ≤ 2 and
e3 = (v3, v0). Then there exists a quasi-edge braid that is homotopic to e0 ∗e1 ∗e2 ∗e3.
Proof. The braid be0be1be0be2be0be2 gives the desired braid. 
Lemma 4.12. (Local Edge Braid Relations). Fix a 2-simplex α = (v0, v1, v2) in
the triangulation of Σg with boundary ∂(α) = {e0, e1, e2}, where e0 = (v0, v1), e1 =
(v1, v2), and e2 = (v2, v0). Then the following relations hold:
(8) be1be0 = be2be1 = be0be2
(9) be0be1be0 = be1be0be1
(10) be1be2be1 = be2be1be2
(11) be0be2be0 = be2be0be2
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Proof. Relation (8) follows from a direct computation. By multiplying both sides of
be1be0 = be2be1 by be0 on the left and using the relation be0be2 = be1be0 , we deduce
relation (9):
be0be1be0 = be0be2be1
= be1be0be1 .
Relations (10) and (11) follow by symmetry. 
Remark 4.13. The relations between edge braids described in Lemma 4.12 are very
similar to those between the generators of Artin’s classical braid groups Bn, which
themselves induce relations between the generating transpositions in the Coxeter
presentation of Sn.
4.4. Proof of Theorem 4.1 for g ≥ 1.
4.4.1. Outline of Approach. Fix a arbitrary element [σ] ∈ Pn(Σg) ∩ ker(ω). We de-
velop a procedure to successively multiply [σ] by quasi-edge braids until the resulting
braid [σ′] has at most one non-trivial vertex loop at some vertex xi in the triangu-
lation. This makes use of the results of sections 4.3 and 4.4.2. The braid [σ′] can
then be regarded as an element of pi1(Σg − C[σ′], xi). We then use topological and
group theoretical methods involving the fundamental groups of (punctured) surfaces
to deduce that [σ′] itself is a quasi-edge braid, which implies the result.
4.4.2. Generators of pi1(Σg) and Edge Loops. Proposition 4.14 and Lemma 4.15 allow
us to conveniently describe generators of pi1(Σg) using edge loops. Recall that pi1(Σg)
has generators [f1], [f2], . . . , [f2g]. If we think of Σg as the connected sum Σg =
Σ1# . . .#Σ1 of g tori, then [fi] and [fi+1] for i ≡ 1 (mod 2) can be realized as
generators of the fundamental group of the ith torus in the connected sum. We refer
to the [fi]’s as the standard generators of pi1(Σg).
Proposition 4.14. Let v ∈ Σg be a vertex in the triangulation of Σg. Fix the usual
generators [f1], . . . , [f2g] of pi1(Σg, v). Then there exists representatives of each class
[fi] for 1 ≤ i ≤ 2g that are simple edge loops in the triangulation of Σg, i.e each fi is
homotopic to a simple edge loop.
Proof. Clearly we can assume that fi is a simple loop. Locally deform fi to a ho-
motopic loop f ′i based at v such that the only vertex in the triangulation of Σg that
im(f ′i) intersects is v and f ′i remains simple. Let S denote the set of simplices β
in the triangulation such that β ∩ im(f ′i) is nonempty. Let S(v) denote the star of
v, i.e the set of simplices in the triangulation that contain v as 0-face. It is clear
by inspection that im(f ′i) intersects exactly two elements of S(v) (or that f ′i can be
homotoped into such a loop whose image satisfies this), which we denote by γ1 and
γ2. Further homotope f ′i into a simple loop f ′′i such that f ′′i intersects precisely two
1-faces of each element of β−{γ1, γ2}. Let S′ denote the set of all 1-faces of elements
in β −{γ1, γ2} that are disjoint from im(f ′i). We construct an algorithm which helps
us build an edge loop which is homotopic to f ′′i .
• Step 0: Choose a vertex w1 in S(v) that is also an endpoint of an element of
S′
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• Step 1: Let e1 denote the unique element of S′ of which w1 is an endpoint
of. Set P1 = {e1}.
• Step 2: Let e2 denote the unique element of S′ − {e1} that contains as an
endpoint the endpoint of e1 that is not w1. Let w2 denote this endpoint and
set P2 = {e1, e2}
• Step 3: Continue in the same fashion as Steps 1 and 2 by letting ej denote
the unique element of S′ − {e1, . . . , ej−1} that contains as an endpoint the
endpoint of ej−1 that is not wj−1, letting wj denote this endpoint and setting
Pk = Pk−1 ∪ {ej}. Repeat until wj+1 (the endpoint of ej that is not wj) is a
vertex in S(v) for j ≥ 2.
Since wi is always a 0-face of a 2-simplex in the triangulation which intersects im(f ′′i ),
the process in Step 3 will terminate, say after k total iterations. Since w1, wk+1 ∈
S(v), there are edges r = (wk+1, v) and r′ = (v, w1). Then l = e1 ∗ e2 ∗ . . . ∗ ek ∗ r ∗ r′
(the concatenation of the elements in Pk with r ∗ r′) is a simple edge loop which is
homotopic to f ′′i , and hence to fi. That l is simple follows from the fact that f ′′i is
simple, so the proposition follows. 
The next lemma lets us “extend” edge loops to homotopic edge loops that intersect
certain vertices. This is a key ingredient in the proof of Proposition 4.19.
Lemma 4.15. Fix vertices v, v′ in the triangulation and let L be a simple edge loop.
Then L is homotopic to a simple edge loop that intersects v and v′.
Proof. We show that L can be homotoped so that it intersects v (a similar argument
proves the full lemma). Choose a simple edge path λ with endpoints v and some
vertex x contained in L. Let k be the length of λ. By induction, it suffices to show
that there exists an edge loop ξ homotopic to L such that there is a simple edge path
from v to some vertex in ξ of length less than k. Let e1, . . . , er denote ordered list
of edges that defines L. Let λ′ denote the edge path e1, . . . eb r2 c and let λ
′′ denote
the edge path ed r2 e, . . . , er. Let E(x) denote the set of edges in the triangulation
that contain x as an endpoint. Denote the unique edge in E(x) ∩ λ′ by µ0. Label
the elements of E(x) that lie in between λ′ and λ in sequential order starting with
µ1 = e1 ∈ λ′ and ending at µp ∈ λ, so that there are no edges in E(x) that are
between µi and µi+1.
Claim 4.16. The edges µi and µi+1 must be 1-faces of a common 2-simplex σi,i+1.
Proof. Suppose not. Since there are no edges in E(x) between µi and µi+1, this
would imply that Σg is homotopy equivalent to a wedge sum of 2g circles, which is a
contradiction. 
For such µi and µi+1, let µi,i+1 denote the 1-face of σi,i+1 that is not µi or µi+1.
Let wi denote the endpoint of µi that is not x. We proceed by casework on the
configuration of edges in E(x).
• Case 1: Suppose that there does not exist an edge µj (with 2 ≤ j ≤ p − 1)
such that wj ∈ λ ∪ λ′ ∪ λ′′ (See Figure 3). Let g1 denote the unique edge
in E(x) ∩ λ. Set ξ = g1 ∗ µp−1,p ∗ µp−2,p−1 ∗ . . . ∗ µ1,2 ∗ e1 ∗ . . . ∗ ek; this is
homotopic to L since the subcomplex σ1,2∪ . . .∪σp−1,p is contractible. There
9
is clearly a sub-path of λ from v to wp ∈ ξ of length k − 1, so this completes
the induction.
In the following cases, we assume that there exists an edge µj (with 2 ≤ j ≤ p − 1)
such that wj ∈ λ ∪ λ′ ∪ λ′′. Let i be the smallest index such that µi satisfies this
condition.
• Case 2: wi ∈ λ (See Figure 4). The argument in the proof of Case 1 holds.
• Case 3: wi ∈ λ′′ (See Figure 5). Note that for all j such that i+1 ≤ j ≤ p−1,
we must have that wj ∈ λ ∪ λ′′. There are two possible subcases.
– Subcase 3.1: There exists a j such that i + 1 ≤ j ≤ p − 1 and wj ∈ λ.
Then there is some edge path ∆ from wi to wj . Let ∆′ denote the unique
sub-path of λ with endpoints wj and x. Let ek denote the unique edge
in L such the head of ek is wi. Then the edge loop ∆′ ∗e1 ∗e2 ∗ . . .∗ek ∗∆
is homotopic to L and there is evidently a proper sub-path of λ from x
to v.
– Subcase 3.2: No such j exists.
∗ 3.2a: There is some n such that i + 1 ≤ n ≤ p − 1 and wn ∈ λ′′.
Let k be the maximum index such that i + 1 ≤ k ≤ p − 1 and
wk ∈ λ′′. Then there is an edge path Υ from wk to wp. Let et
be the unique edge in fi such that the head of et is wk. Then the
edge loop Υ ∗ µp ∗ e1 ∗ e2 ∗ . . . ∗ et satisfies the desired conditions.
∗ 3.2b: No such n exists. Let ζ denote the unique edge in E(x)∩λ′′.
Since none of the edges in E(x) that lie between µp and ζ can have
an endpoint in λ′, the proof reduces to the same arguments given
in Case 2 and Case 4 (see below), except they are applied to the
edges in E(x) that lie between µp and ζ instead of the edges in
E(x) that lie between µ1 and µp.
• Case 4: wi ∈ λ′ (See Figure 6).
– Subcase 4.1: For all i with i + 1 ≤ j ≤ p − 1, wi /∈ λ ∪ λ′ ∪ λ′′. This is
handled the same way as Case 1.
– Subcase 4.2: There is some i such that i + 1 ≤ j ≤ p − 1 and wi ∈
λ ∪ λ′ ∪ λ′′. In the remaining subcases, q denotes the largest index such
that i+ 1 ≤ q ≤ p− 1 and wq ∈ λ ∪ λ′ ∪ λ′′.
∗ Subcase 4.2a: wq ∈ λ. Clearly, wq 6= wp since the equality wq = wp
would contradict the definition of a simplicial complex. Let χ be
the edge path obtained by concatenating µq with the unique sub-
path of λ with endpoints wq and v. Then χ is a simple edge path
from x to v that is shorter than λ, as desired.
∗ Subcase 4.2b: wq ∈ λ′. Then for any m with i + 1 ≤ m ≤ q − 1,
it must be that wm ∈ λ′ or wm /∈ λ ∪ λ′ ∪ λ′′. By the same logic
as the proof of Subcase 3.1, there is an edge path γ from wp to
wq. Let es denote the unique edge in L with tail wq. Then by
similar logic to the proof of Case 1, we see that the edge loop
µp ∗ γ ∗ es ∗ es+1 ∗ . . . ∗ er works.
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Figure 3. Illustration of Case 1 of Lemma 4.15. The blue edge path
is a portion of the homotoped edge loop ξ.
Figure 4. Illustration of Case 2 of Lemma 4.15
∗ Subcase 4.2c: wq ∈ λ′′. This is handled using arguments similar
to those in Subcase 3.1
All cases are covered, so the proof is complete. 
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Figure 5. Illustration of Case 3 of Lemma 4.15
Figure 6. Illustration of Case 4 of Lemma 4.15
4.4.3. Words. We prove a combinatorial lemma which is used in the next section.
Throughout this subsection, G denotes a finitely generated group with generators
a1, . . . , an. By a word in Fn, we mean a potentially unreduced word (a string con-
sisting of generators in which terms such as xx−1 need not be simplified to 1). Let
S ⊂ {a1, . . . an} be a subset. Fix a word w = ai1 . . . aik in G. Let wminS (resp. wmaxS )
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denote the minimum (resp. maximum) index m such that aim ∈ S. A word w is
S-connected if aij ∈ S for all wminS ≤ j ≤ wmaxS .
Proposition 4.17. Let w be a word in G. Then for any non-empty ordered sub-
set S ⊂ {a1, . . . an}, there exists an S-connected word w? such that the following
conditions hold.
• All elements in w? that are also in S appear in the same order that they
appear in w.
• w = w?.
• All elements in w? are either elements of w or commutators of elements in
w.
Proof. We induct on the length l(w) of w. The base case k = 1 is trivial. Suppose
the result holds for all words of length less than k (for k > 1) and let w = ai1 . . . aik
be a word of length k. Let m = wminS and set r = aim+1 . . . aik . Then by the inductive
hypothesis there exists an (S − {aim})-connected word r? such that r = r? and all
elements in r? that are also in S − {aim} appear in the same order that they appear
in r. Consider the word w′ = ai1 . . . aimr?. Let bim+j denote the element in the jth
position of r?, so that w′ = ai1 . . . aimbim+1 . . . bik . Let u denote the minimum index
such that biu ∈ S − {aim}. Then we have that the word
w? = ai1 . . . aim−1 [aim , bim+1 . . . biu−1 ]bim+1 . . . biu−1aimbiubiu+1 . . . bik
satisfies the desired conditions, so the proof is complete. 
Example 4.18. Let w = a1a3a2a5a4 and S = {a2, a4}. Then w? = a1a3[a2, a5]a5a2a4
is S-connected and equal to w.
4.4.4. Unwinding Pure Balanced Braids. Recall that for any [σ] ∈ Bn(Σg), pi1(Σg −
C[σ]) is the free group on the generators [f1], [f2], . . . , [f2g+#C[σ]−1]. The generators
[fi] for 1 ≤ i ≤ 2g can be regarded as standard generators of pi1(Σg), while the
generators [fi] for 2g + 1 ≤ i ≤ 2g + #C[σ] − 1 have each wind around an element of
C[σ] once.
Proposition 4.19. Let [σ] be a pure balanced braid such that #C[σ] ≤ n − 2. Fix
xj ∈ {x1, . . . , xn} − C[σ] and let [f1], . . . , [f2g+#C[σ]−1] be the usual generators of
pi1(Σg−C[σ], xj). Then for each [fi], 1 ≤ i ≤ 2g+#C[σ]−1, there exists a quasi-edge
braid [γ] such that the induced vertex loop of γ on xj is [fi], while the induced vertex
loops on all other vertices whose vertex loops under [σ] were initially constant remain
constant.
Proof. There are two possible cases.
• Case 1: 1 ≤ i ≤ 2g. Then we can regard [fi] as a standard generator of
pi1(Σg); it is clear that there exists a representative fi of its homotopy class
that has trivial winding number around all y ∈ C[σ]. Since k ≤ n− 2, we can
choose some xk ∈ {x1, . . . , xn} − C[σ] with j 6= k. Use Proposition 4.14 to
find a simple edge loop l which is homotopic to ei and passes through xj and
xk. Then take our desired quasi-edge braid to be the braid [γ] = w(xj , xk)
constructed in Lemma 4.8.
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• Case 2: 2g + 1 ≤ i ≤ 2g + #C[σ] − 1. In this case, fi can be taken to be a
vertex loop which has a winding number of one about some xm ∈ C[σ] and
zero with respect to all points in C[σ] − {xm}. Choose a simple edge path
λ from xj to xm in the triangulation of Σg. Then take [γ] = wλ to be the
quasi-edge braid constructed in Lemma 4.9.

Fix [σ] ∈ Pn(Σg) and write each vertex loop [σ]xi for xi ∈ {x1, . . . , xn} − C[σ] as
a product of the standard generators of pi1(Σg − C[σ]). Using Proposition 4.19, we
may sequentially multiply by [σ] by quasi-edge braids whose vertex loops equal the
inverses of the generators of pi1(Σg − C[σ]) contained in the expression of [σ]xi as a
product of generators until it becomes the trivial vertex loop. This process can be
repeated until all but one element of the basepoint {x1, . . . , xn} has a trivial vertex
loop. From the discussion in Section 4.4.1, Theorem 4.1 follows from Proposition 4.23.
Lemma 4.20. Let [fi] be such that 2g + 1 ≤ i ≤ 2g + #C[σ] − 1 ⊂ En(Σg). Then
[fi] ∈ En(Σg)
Proof. Follows from the same argument given in Case 2 of Proposition 4.19. 
Lemma 4.21. Commutators of the generators [fi] of pi1(Σg −C[σ], x) are quasi edge
braids.
Proof. Fix arbitrary generators [fi] and [fj ] with i 6= j. We have the following
possibilities:
• Case 1: 1 ≤ i, j ≤ 2g. Once again, we may regard [fi] and [fj ] as two of
the standard generators of pi1(Σg, x). By Proposition 4.14, we may assume
that fi and fj are simple edge loops that intersect only at the basepoint
x ∈ Σg. Let λ = e1, . . . , en (resp. λ′ = z1, . . . , zk) be the ordered list of edges
constituting fi (resp. fj). For ease of notation, the indices of the vertices
and edges in λ (resp. λ′) will be taken modulo n (resp. modulo k). Let
er = (vr, vr+1) and zl = (wl, wl+1). We may assume that x = v1 = w1. Then
a direct computation shows that the commutator [be1be2 . . . be0 , bz1bz2 . . . bz0 ]
is precisely
[
[fi], [fj ]
]
.
• Case 2: 2g+ 1 ≤ i, j ≤ 2g+ #C[σ]−1. This is immediate from Lemma 4.20.
• Case 3: 1 ≤ i ≤ 2g and 2g + 1 ≤ j ≤ 2g + #C[σ] − 1. Let fi and λ be
as in Case 1. As before, fj can be taken to be a vertex loop which has a
winding number of one about some xm ∈ C[σ] and zero with respect to all
points in C[σ] − {xm}. Fix a simple edge path µ from x to xm and let wµ
be the quasi-edge braid constructed in Lemma 4.9. Then the commutator
[be1be2 . . . be0 , wµ] is
[
[fi], [fj ]
]
, as desired.
The remaining case follows by symmetry, so the proof is complete.

Remark 4.22. Furthermore, one can show via a similar argument that conjugates of
commutators of the standard generators of pi1(Σg − C[σ], x) are quasi-edge braids.
This implies the commutator subgroup [pi1(Σg, x), pi1(Σg, x)] is contained in En(Σg).
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Proposition 4.23. Let [σ] be a pure balanced braid with #C[σ] = n− 1, so that [σ]
has exactly one non-trivial vertex loop, say [σ]xj . Then [σ] ∈ En(Σg).
Proof. Regard [σ] as an element of pi1(Σg − C[σ], xj) and let
i∗ : pi1(Σg − C[σ], xj)→ pi1(Σg, xj)
be the surjection induced by the inclusion of spaces
i : (Σg − C[σ], xj) ↪→ (Σg, xj).
We have that
i∗([fi]) =
{
[fi] if 1 ≤ i ≤ 2g
1 if 2g + 1 ≤ i ≤ 2g + #C[σ] − 1.
Since [σ] ∈ ker(ω), it is clear that i∗([σ]) ∈ ker(Φ), where
Φ : pi1(Σg, xj)→ H1(Σg;Z)
denotes the Hurewicz map. By the Hurewicz theorem, i∗([σ]) is in the commutator
subgroup
[
pi1(Σg, xj), pi1(Σg, xj)
]
of pi1(Σg, xj). Using Lemma 4.21 and Remark 4.22,
it follows that i∗([σ]) is a quasi-edge braid. By writing [σ] as a unique word on the
generators, this means that the product of all generators [fi] with 1 ≤ i ≤ 2g in
the word (in order of appearance) is a quasi-edge braid. Let S = {[f1], . . . , [f2g]}.
Then by Proposition 4.17, we may assume that [σ] is expressed by an S-connected
word w such that all such elements in w are either commutators or [fi] for some
2g + 1 ≤ i ≤ 2g + #C[σ] − 1. By the S-connectivity of w, it suffices to show that
the product of all elements in w that are not in S is a quasi-edge braid. This holds
by Lemma 4.20 and Remark 4.22, so it follows that [σ] is a quasi-edge braid. This
completes the proof.

5. Future Work
In this paper, we constructed a natural map ω : Bn(Σg)→ H1(Σg;Z) and studied
its kernel using simplicial triangulations of Σg. In particular, we showed that ker(ω)
is generated by canonical braids which are constructed using edges in the triangula-
tion. There are several avenues for future investigation.
• Since ker(ω) is generated by edge braids, it would be useful to find a minimal
set of relations between the edge braids so that one can build a presentation
of ker(ω). Lemma 4.12 gives evidence that such a group presentation might
be similar to Artin’s [1] presentation of the classical braid groups Bn.
• One can also consider braid groups on non-orientable surfaces (See [2]). Fur-
thermore, the homomorphism ω can be constructed in exactly the same way
for general topological spaces. Thus, it is natural to ask whether there is
an analog of Theorem 4.1 for more general surfaces (e.g non-orientable sur-
faces) than the closed orientable surfaces Σg. The proof of such a result would
probably be similar, except it would depend on properties of the fundamental
groups of non-orientable surfaces.
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